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Theoretical considerations suggest that the mammalian metabolic rate is linearly proportional to the surface
areas of mitochondria, capillary, and alveolar membranes. However, the scaling exponents of these surface areas
to the mammals’ body mass (approximately 0.9–1) are higher than exponents of the resting metabolic rate (RMR)
to body mass (approximately 0.75), although similar to the one of exercise metabolic rate (EMR); the underlying
physiological cause of this mismatch remains unclear. The analysis presented here shows that discrepancies
between the scaling exponents of RMR and the relevant surface areas may originate from, at least for the system
of alveolar membranes in mammalian lungs, the facts that (i) not all of the surface area is involved in the gas
exchange and (ii) that larger mammals host a smaller effective surface area that participates in the material
exchange rate. A result of these facts is that lung surface areas unused at rest are activated under heavy breathing
conditions (e.g., exercise), wherein larger mammals support larger activated surface areas that provide a higher
capability to increase the gas-exchange rate, allowing for mammals to meet, for example, the high energetic
demands of foraging and predation.
DOI: 10.1103/PhysRevE.84.061915

PACS number(s): 87.19.Wx, 89.75.Da, 87.10.−e

I. INTRODUCTION

When mammals’ locomotion status switches between rest
and exercise, their oxygen uptake and metabolic rates increase,
which scales with body mass. The resting metabolic rate
(RMR) scales with a mammals’ body mass m to a power
of approximately 3/4, RMR ∝ m3/4 , over an astonishing
seven orders of magnitude [1]. Recent studies with exercising
mammals establish that an exercise metabolic rate (EMR)
scales with m to a power of 7/8, EMR ∝ m7/8 , for body
masses spanning a similar range, from 7 g to 500 kg [2,3].
These scaling relationships point to an incredible “economy
of scale” [4]; in the resting state, a 10 000 fold increase in
mass across mammalian species results in only a 1000 fold
increase in the energy required to sustain an equivalent unit
of mass. However, this phenomenon almost vanishes during
exercise, more closely matching with intuition: as the number
of a tissue’s cells increase, the energy required to sustain them
proportionally increases. This change in the scaling behavior
of the metabolic rate during rest and exercise indicates that
larger mammals have a larger capability to meet the increase
in oxygen demand during aerobic exercise (e.g., running),
by drastically increasing the oxygen uptake rate across the
gas-exchange surface of alveolar membranes in the pulmonary
acinus of the lung. There it binds with the hemoglobin of
the red blood cells and is distributed to the rest of the
body.
Several theoretical models have been proposed to obtain a
better understanding of the mechanism underlying the scaling
laws of the RMR and the EMR [3,5–7]. Aiming to explain
the 3/4 power law observed in mammals at rest, West et al.
[7] hypothesized that the metabolic rate is proportional to
the effective surface area across which the nutrients and
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energy exchanges occur, such as the capillary or mitochondrial
surface areas, as opposed to the total area. In this model, the
authors postulated that natural selection tends to maximize
both internal efficiency and metabolic capacity by minimizing
the scaling of transport distances and times, and scaling of
exchange surface areas. Under these assumptions, the scaling
exponent of the effective surface area was derived to be 3/4.
However, Weibel and Hoppeler later showed that the total
volumes of mitochondrial and capillary erythrocytes, as well
as their surface areas, scale almost linearly with body mass [3].
They suggested that surface area scaling exponents can explain
the higher scaling of EMR, especially for athletic species [3].
So the seeming difficulty in explaining the 3/4 and 7/8 power
laws for RMR and EMR, respectively, is that a theory based
on first principles of optimization derives a 3/4 scaling for
effective surface area that directly leads to a 3/4 scaling for
basal metabolic rate (BMR), but the experimental data showed
the surface areas of mitochondrial and capillary scale almost
linearly with body mass; meanwhile, a theory based purely on
the linear scaling of surface areas with body mass is able to
explain the higher scaling powers for EMR, yet fails to address
the 3/4 power law for RMR.
This article bridges West et al.’s theory with Weibel and
Hoppeler’s data by offering a unifying physiological mechanism that may explain the discrepancy in the understanding
between mammalian resting and exercise metabolic rate. The
aerobic metabolic rate of a mammal is set by the capacity of
the respiratory system to deliver oxygen to the blood within
the pulmonary arteries, which involves surface areas in three
main steps in the delivery process: (i) the effective surface of
the alveolar membranes; (ii) the area of the muscle capillaries;
and (iii) the area of the inner mitochondrial membrane [8].
These surface areas are effectively connected in series, and the
oxygen uptake rates, both at rest and exercise, are constrained
in particular by the alveolar membrane surface area, which is
the primary focus of this paper.
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II. METHODS

A. The role of diffusional screening in respiratory gas exchange

The uptake rate of oxygen by the total alveolar membranes
lining the surface of the pulmonary acinus (in dimension of
number of molecules per unit time) VO2 can be modeled by [7]:

Most gas exchange occurs within the pulmonary acinus
[8,16], which connects to the bronchial tree at approximately
the 15th branching bifurcation of the lung under resting
conditions. An acinus is subdivided into eight subacini,
defined as the airway trees beginning from the 18th branching
bifurcation [8], wherein diffusion, rather than convection,
serves as the dominant oxygen-transport mechanism. These
remaining five generations of branching airways form a tree
of alveolar ducts that support a system of alveoli lining the
airways’ surface; the membranes of the alveoli compose a
surface in contact with respiratory gases permeable to O2 .
Because of the arrangement of alveoli, the collective surfaces
of all the lung’s subacini form a highly convoluted, but
space-filling, surface that allows for a maximum exchange
area the size of a tennis court (≈120 m2 ) to be contained
within the relatively small volume of mammalian pleural
cavities.
In mammalian lungs, oxygen diffuses throughout the
pulmonary subacinus under stationary conditions, where it
eventually crosses the surface of alveolar membranes to reach,
and bind with, the hemoglobin of the red blood cells [8]. As
O2 diffuses downstream within the subacinus, concentration
gradients develop as progressively more O2 molecules cross
into pulmonary blood. The space-filling structure of the
exchange surface enhances the concentration drop, because O2
molecules have a high probability to be absorbed by the protruding surface regions, but only rarely penetrate into the deep
fjord-like regions of the “crumpled” surface. This drop in O2
concentration far from the respiratory bronchioles (the source
of subacinar diffusion at rest, wherein the convection speed
of oxygen falls below the diffusional speed) is referred to as
diffusional screening [12–15].

VO2 = W × S × P ,

(1)

wherein W is the permeability of membrane (in units of length
per time), S is the surface area of the alveolar membranes in
the lung, and P is the partial pressure difference of oxygen
across the membrane. For 36 species of mammals ranging in
body mass from 2 g (Etruscan shrew) to 700 kg (cow), the
total alveolar membrane surface area S was found to scale
with body mass as S ∝ m0.95 [9,10].
The oxygen flux into the surface of alveolar membranes
can be written as [11]
J = −φW RT βO2 DO2

C
,
δ

wherein φW is the volume fraction of water within the
membranes; βO2 and DO2 are the Henry’s law coefficient
and the diffusion coefficient of oxygen in the membranes,
respectively; R is the universal gas constant and T is the system
(i.e., body) temperature; C is the concentration difference of
the respiratory gas across the membranes (for clarity, we will
choose oxygen, O2 ); and δ is the thickness of the membranes,
which, at the level of the pulmonary acinus is roughly position
independent. The membrane-plasma system can be effectively
treated to good approximation as a water barrier, wherein φW ,
βO2 , and DO2 are calculated for water; we may then define
a permeability (in units of length per time) for the alveolar
membranes as
W =

1
RT βO2 DO2
∝ .
δ
δ

(2)
B. Pulmonary efficiency of mammalian lungs

The geometry dependence of the permeability is therefore
expressed with the membrane thickness. Early studies established that this thickness scales with body mass to an exponent
of 0.05 [8,9]:
W ∝ m−0.05 .

(3)

There is no evidence that P scales with body mass
during exercise [8,12]. Thus, Eq. (1) predicts that the oxygen
uptake rate scales as VO2 ∝ m0.9 —a result consistent with
the scaling law of the EMR described above, but not the
RMR [1].
While the scaling exponent for the surface areas used in
these estimates (0.95) is obtained from morphometric data
for the total membrane surface area, several studies have
demonstrated that mammals at rest use only a fraction of the
(fixed) total alveolar membrane surface involved in pulmonary
gas exchange [12–15]. The rest of the alveolar membranes
are not active in the gas exchange; therefore, the effective
surface area represented in Eq. (1)—the amount which actually
contributes to the oxygen uptake rate—is smaller than the
total, morphometrically derived, surface area. This is the
diffusional screening phenomenon, which we briefly explain
below.

When exercise intensity increases, the resulting increase
in ventilation pushes the diffusion source deeper into the
system (from the 18th branch generation at rest, to about the
21st branch generation at heavy exercise), activating screened
surface area and leading to an increase in the pulmonary
efficiency η, which is the ratio of effective to total surface
area [12,15]. The match between scaling exponents of the
oxygen uptake rate during exercise and the total alveolar
surface area indicates that the pulmonary efficiency η is nearly
100%, that is, the entire gas-exchange surface is active for
highly aerobic conditions.
For mammals at rest however, η is generally less than 100%.
Analytic models [15,17,18] and computer simulations of twodimensional surfaces [12,14] show that pulmonary efficiency
decreases as the size of the acinus increases—a result attributed
to the larger surface areas provided by the increased size of
the airway trees defined by the shallow onset of gas diffusion
in the lung at rest. Larger mammals usually have larger acini,
so that if η obeys a scaling law, it should scale with body
mass negatively at resting conditions. Taking these factors
into account, Eq. (1) becomes
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VO2 = W × η × S × P ,

(4)
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L = 0.042m0.172
Human
Acinar Diameter [cm]

wherein η × S gives the area of unscreened or active membrane surface area. The main insight of Eq. (4) is that the
negative scaling exponent of η provides a way to explain why
the scaling exponent of VO2 at rest (0.75) is lower than the one
of total alveolar membrane surface area (0.95).
Sapoval et al. estimated the scaling relationship between
mammalian pulmonary efficiency and body mass by computer
simulation using structural data for mouse, rat, rabbit, and
human pulmonary acini, finding the efficiency to scale approximately as η ∝ m−0.16 [12]. But, as the authors admitted, the
efficiency is computed according to a two-dimensional Hilbert
geometry. Moreover, their analyses provided only four data
points, which are not enough to provide an accurate estimate
to the power-law relationship. We extend these analyses by
using a realistic, three-dimensional analytic model of the gasexchange process recently developed by Hou et al. [15], which
is established upon first principles of oxygen transportation
and uptake, while also utilizing a broader range of current
experimental data on mammalian lungs to infer a scaling law
for pulmonary efficiency.

Baboon
Guinea Pig
Rabbit
Rat
Mouse
Hamster

Body Mass [gram]
FIG. 1. Scaling relationship between the diameter of an acinus L
and body mass.

III. RESULTS

η = η0 × d/ (W × Sa ) ,
wherein η0 is a normalization constant independent of body
mass, d is the diameter of the terminal bronchiole, W is the
permeability of the alveolar membranes, and Sa is the total
surface area of a typical pulmonary acinus. Since the lung is a
space-filling network composed of alveoli, it can be treated as
a set of cubes (a similar space-filling structure), wherein the
length of each cube l is matched to the smallest geometric scale
in the lung—the diameter of an alveolus. The number of alveoli
that can fill a single acinus is therefore proportional to (L/ l)3 ,
wherein L is the diameter of an average acinus. As surface area
of each alveolus is proportional to l 2 , it follows that the surface
area of an acinus Sa is proportional to (L/ l)3 × l 2 = L3 / l.
Substituting this result into the equation above gives
η = η0 × d × l/(W × l 3 ),

(5)

wherein η0 is a proportionality constant.
In Eq. (4) the permeability scales as W ∝ m−0.05 [9] as
explained above; for the other three structural parameters (the
diameter of terminal bronchiole d, the diameter of an acinus L,
and the diameter of an alveolus l) we compiled morphometric
data available from literature sources that includes 16 species
of mammals with body masses ranging from 6 g (Harvest
Mouse) to 74 kg (Human), from which we obtained the
following scaling relations: L = 0.042 × m0.172 [R 2 = 0.96;
95% CI = (0.13, 0.21)] (Fig. 1); d = 0.0052 × m0.21 [R 2 =
0.72; 95% CI = (0.12, 0.30)] (Fig. 2); l = 0.0031 × m0.151
[R 2 = 0.66; 95% CI = (0.09, 0.22)] (Fig. 3). Tables I, II, and
III provide the source data used in these figures.

Although these scaling laws were obtained empirically,
directly from the experimental data, the scaling exponents for
d and L are not, in principle, independent of one another.
At the terminal bronchiole, the dominant oxygen-transport
mechanism changes from convection to diffusion, so that the
flow velocity is roughly equal to the diffusion velocity [12];
the diffusion velocity is proportional to D/L [12], wherein
D is the diffusion coefficient of oxygen in air. The flow
velocity at the terminal bronchiole v can be determined through
mass conservation (i.e., a continuity equation at constant fluid
density): u0 = (π/4) × v × N × d 2 , wherein u0 is the volume
flow at trachea (volume per unit time), and N is the total
number of acini in the lung. Since the volume of an acinus
is proportional to L3 , the total volume of a mammalian lung

d = 0.0052m0.21
TB Diameter [cm]

The validity of Hou’s model was established using measured transport and structural parameters for the human lung,
giving predictions of the oxygen uptake rate for different
breathing conditions, such as different levels of aerobic
exercise, agreeing with measured values to within a few
percent. The model also predicts that, at rest, the pulmonary
efficiency can be expressed as

Dog
Macaque
Human
Rat
Rabbit
Rat
Cat
Hamster
Guinea Pig

Mouse

Mouse

Body Mass [gram]
FIG. 2. Scaling relationship between the diameter of a terminal
bronchiole (TB) d and body mass.
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TABLE II. Diameter of a terminal bronchiole (TB) d and body
mass. Data used in Fig. 2.

Alveolar Diameter [cm]

Monkey
Macaque

Human

Rabbit
Guinea Pig

Rat
Ferret

Hamster

Harvest Mouse
Mouse
Hamster
Rat
Guinea Pig
Giant Pouched Rat
Cat
Rabbit
Long-Tail Macaque
Pigtail Macaque
Dog
Human

Pig

Dog
Cat

Species

Baboon

Sheep

Gerbil
Mouse

l = 0.0031m0.151

Body Mass [gram]
FIG. 3. Scaling relationship between the diameter of an alveolus
l and body mass.

(6)

Here the total lung volume scales as Vlung ∝ m1.05 , and volume
flow at the trachea scales as u0 ∝ m0.8 [1].
Following Eq. (6), the scaling exponents of the acinar
diameter αL and the transitional bronchiole diameter αd are approximately related by 4αL = 0.25 + 2αd —a result confirmed
by Figs. 1 and 2 (i.e., 4 × 0.172 = 0.688 = 0.250 + 2 ×
0.210 = 0.670). Substituting these scaling laws into Eq. (5)
yields
η ∝ η0 × m0.21 × (m0.151 /m−0.05 )/m3×0.172 ,
from which it follows that
η ∝ η0 × m−0.1 .

(7)

We should emphasize that the alveoli and acini are assumed
here to be cube shaped, and that the bronchiole cross section is
considered to be square, so detailed physiological information
of the normalization coefficient η0 is not captured by the
model. Therefore, the scaling argument used to arrive at Eq. (7)
should not be used to directly calculate the actual efficiency
of the lung. Rather, the key assumption here is that the scaling
TABLE I. Diameter of an acinus L and body mass. Data used in
Fig. 1.
Species
Mouse
Hamster
Rat
Guinea Pig
Rabbit
Babooon
Human

Body Mass (g)

L (cm)

Reference

21
125
500
600
3 000
28 500
74 000

0.074
0.082
0.119
0.150
0.150
0.250
0.286

[12]
[20]
[21]
[22]
[21]
[22]
[23]

d (cm)

Reference

6
21
125
500
600
1 500
2 750
3 000
3 917
12 000
32 000
74 000

0.0137
0.0041
0.0160
0.0206
0.0140
0.0298
0.0400
0.0276
0.0309
0.0410
0.0450
0.0440

[24]
[25–28]
[20]
[21]
[29]
[24]
[30]
[21]
[31]
[32]
[33]
[23]

relationships between the cube-based model of Hou et al. and
the actual mammalian physiology are only equivalent up to a
constant.

Vlung is proportional to N × L3 . Thus L and d are related
by
D/L ∝ u0 × L3 /(Vlung × d 2 ).

Body Mass (g)

IV. DISCUSSION

This negative scaling exponent of the pulmonary efficiency
at rest, η ∝ m−0.1 , qualitatively explains why VO2 ∝ m0.75
does not match S ∝ m0.95 . However, in light of Eq. (4), there
remains a mismatch of approximately 0.05 in the scaling
exponents (i.e., 0.75 = −0.05 − 0.10 + 0.95 = 0.80). This
could be attributed to a slightly negative scaling exponent for
the partial pressure difference of oxygen across the alveolar
membranes (i.e., P ∝ m−0.05 ).
This idea is not without precedent. Weibel first introduced it
in his celebrated book [8], but also pointed out that estimating
P depends on information regarding pulmonary blood
flow, the O2 binding properties of blood (e.g., hemoglobin
saturation kinetics), and the pulmonary diffusion capacity.
However, independent theoretical considerations [5] show that
P scales with a power of approximately −0.05, which,
TABLE III. Diameter of an alveolus l and body mass. Data used
in Fig. 3.
Species
Harvest Mouse
Gerbil
Hamster
Rat
Guinea Pig
Ferret
Cat
Rabbit
Long-Tail Macaque
Monkey
Dog
Baboon
Sheep
Pig
Human

061915-4

Body Mass (g)

l (cm)

Reference

28.5
50
114
366
867
1 440
2 180
2 738
3 917
12 150
20 900
23 450
40 400
45 900
71 160

0.004 48
0.004 68
0.006 71
0.008 53
0.009 40
0.008 68
0.012 90
0.008 71
0.015 40
0.021 20
0.011 20
0.018 30
0.008 48
0.013 30
0.018 20

[12,22,34,35]
[34]
[34,35]
[22,34,35]
[22,34,36]
[34]
[34,37]
[12,34,35]
[34]
[34]
[34]
[22,35]
[34,36]
[34]
[12,35]
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if confirmed by experiments, would completely eliminate
the discrepancy in the scaling exponents of Eq. (4) (i.e.,
0.75 = −0.05 − 0.10 + 0.95 − 0.05 = 0.75).
In the mammalian pulmonary system, the space-filling
alveolar membranes, wherein the oxygen diffusion occurs,
are coupled with the branching pulmonary vascular system,
wherein oxygen perfusion occurs. These two systems constrain
each other and both control the oxygen supply. The inclusion
of a diffusional screening mechanism into a conceptual
description of mammalian lungs implies that at rest only a
fraction of pulmonary capillaries be closed and inactive for
the oxygen transfer, so that diffusion and perfusion match.
Numerous experimental studies have shown that more than
half of the pulmonary capillaries in the human lung are closed
under resting conditions, and most of them are opened during
exercise [19]. The recruitment of pulmonary capillaries, which
is an adaptive mechanism similar to that of the alveolar
membranes, is believed to be the main mechanism to satisfy
the increase of oxygen demand during exercise [19]. This may
be also true for other mammalian lungs.
The empirical data compiled by Weibel and Hoppeler [3]
shows that total capillary volume scales with body mass to a
power of 0.98, contradictory to the theoretical prediction of
West et al. (0.75) [5]. However, the 3/4 scaling exponent
for the capillary number derived by West et al. stems
from optimization, in which the energy dissipation in the
vascular system of resting mammals is minimized. This scaling
exponent therefore may be reflective of the exponent for
opened or active capillary number at rest, instead of the one
for total, morphometrically derived, capillary number. This
mismatch in scaling exponents between capillary number and
West et al.’s result may be dismissed in the future if empirical
measurements confirm that the fraction of closed capillaries
at rest increases with body mass systematically, and that all
capillaries are open during aerobic exercise, similar to the
pattern observed for the alveolar membranes.
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Minimization of a least-squares functional was used to fit the
data to a power-law relationship; R 2 and confidence intervals
(95% CIs) are reported for these data in the main text.
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